The steady states of one dimensional Sivashinsky equations  by Novick–Cohen, A. & Peletier, L.A.
Appl. Math. Lett. Vol. 4, No. 3, pp. 69-71, 1991 089~9659191 $3.00 + 0.00 
Printed in Great Britain. All rights reserved Copyright@ 1991 Pergamon Press plc 
The Steady States of One Dimensional Sivashinsky Equations 
lA. NOVICK-COHEN and 2L. A. PELETIER 
lDepartment of Mathematics, Technion-IIT 
2Mathematical Institute, Leiden University 
(Received October 1990) 
Abstract. Phase plane analysis is used to calculate the number of steady states for two equations 
which arise in the context of directional solidification: the Sivashinsky equation and the modified 
Sivashinsky equation. 
1. INTRODUCTION 
In the context of phase transitions, equations of the form 
ut = A(f(u) - Au) - cru (1.1) 
are known to arise. Notable examples are the Sivashinsky equation [l] in which 
f(u) = -2u+ u2 and (Y 2 0 (1.2) 
and the Cahn-Hilliard equation [2] in which it is assumed that cx = 0 and that 
f(u) = aiu + lzzu2 + asus a3 > 0, (1.3) 
or more generally, that f(u) h as appropriate “cubic” structure. 
A modified version of the Sivashinsky equation has been derived in the context of direc- 
tional solidification in which A2u is replaced by Alz[u] where ~[u] is the mean curvature 
operator [3]; we refer to the resultant equation as the modified Sivashinsky equation. Typ- 
ically the above equations are assumed to be defined on a bounded domain R where dR is 
assumed to be sufficiently smooth and the boundary conditions 
n.Vu=n.VAu=O 
are imposed, where n is the normal to the boundary. It is easy to demonstrate that for the 
above equations the attainable steady states must satisfy a mass constraint 
(If LY # 0, then 772 = 0.) 
For the Cahn-Hilliard, Sivashinsky and modified Sivashinsky equations, it has been proven 
that in one dimension all non-monotone steady states are unstable [4,5]. Thus naturally 
arises the question of characterization of the one-dimensional simple (monotone) steady 
state solutions. 
Considerable work has been done on the one-dimensional simple steady state solutions 
of the Cahn-Hilliard equation. In particular it has been demonstrated [4] that for any 
f(u) E C5 with “cubic” structure, for all sufficiently large L there exist simple solutions 
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for all (Y + 6(L) < m < p - 6(L) for some 6(L) where 6(L) + 0 as L + 00 and where a 
and /3 are given by the Maxwell construction. In [6], the Cahn-Hilliard equation under the 
assumption (1.3) is studied. There it is stated that for any L > 0 and for any m there exist 
a finite number of steady state solutions, and if m = 0, an exact count of the number of 
steady state solutions is given as a function of L. 
In this letter we report on certain results concerning the number of simple steady state 
solutions of the one-dimensional Sivashinsky and modified Sivashinsky equations in the limit 
in which the segregation coefficient is vanishingly small. More specifically we consider the 
problem of identifying the class of steady state solutions for 
(I) (f(u) - u”)” = 0 -L<x<L 
u’(-L) = U(L) = 0 and IA”’ = u”‘(L) = 0 
1 L 
2L -L J 
udx=m 
and 
(II) ( f(u) - u” (1 + @‘)2)3/s > ” = 0 -L<x<L 
u’(-L) = U(L) = 0 and u”‘(-L) = U”‘(L) = 0 
1 L 
2L -L J Udx=m, 
where m is a prescribed constant and where it is assumed that f(u) = -2u + u2. 
2. RESULTS FOR PROBLEM (I) 
It is easy to demonstrate that the question of finding the number 
solutions for Problem (I) is equivalent to identifying the number 
(a,7) E C which satisfy L'(u, 7) = L and M*(o, 7) = mL, where 
of simple steady state 
of “admissible pairs” 
L*(a,7) = -$u-” J” 
dt 
t1 &WY 
and where C G {(a,7) IO < a; -2 < y < i}, where p(t) = it3 - t and where tl and t2 are 
the two smaller roots of p(t) = 7. 
Defining m*(u,y) E M*(u,y)/L*(u,y) an d noting that m = m*(u, y), we prove [7] that 
THEOREM 1.1. For (u,7) E C, 
(i> 
and 
(ii) 
EL’<0 and $m*l>O 
Furthermore let u be fixed. Then 
AL’ < 0 and 
a 
87 dr 
in+ 5 0. 
L8(u,7) = $ log 7 + ;2,3) + O(l) a.s 7 1-i; 
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mC(cr,y) = 63 + o(l) w 7 1-i. 
By using the conclusions of Theorem I.1 to study the behaviour of m along the lines CL 
where 
CL = {(c, 7) I L’(fl> r> = Ll 
it is possible to conclude that 
THEOREM 1.2. For any L > 0, there exists a simple solution for all m 2 -r2/(8L2); if 
m 2 0 this simple solution is unique. For any L > 0 and for any m E (-co, oo), there exists 
a countable infinity of (not necessarily simple) steady state solutions. 
3. RESULTS FOR PROBLEM (II) 
By similar methods of identification of suitable “admissible pairs” and subsequent use of 
appropriate monotonicity arguments, we prove that 
THEOREM 11.1. For any L > 0, there exist at most a countable number of intervals 
(mL (L), m:(L)) such that form E U(m’_(L), rni, (L)) there exist simple solutions to Prob- 
lem (II). For any L > 0 there exists an ti such that if m < riz, then there exists a bounded 
solution to Problem (II). 
4. CONCLUSION 
Phase plane analysis combined with simple monotonicity arguments allow us to reach 
conclusions about the existence and number of solutions for the Sivashinsky and the modified 
Sivashinsky equation. 
REFERENCES 
1. G.I. Sivashinsky, On cellular instability in the solidification of a dilute binary alloy, Physica SD, 
243-248 (1983). 
2. J.W. Calm and J.H. Hilliard, Free energy of a nonuniform system I. Interfacial free energy, J.Chev~. 
Phys. 28, 258-267 (1958). 
3. J.M. Hyman, A. Novick-Cohen and P. Rosenau, A modified asymptotic approach to modeling a dilute 
binary alloy solidification front, Phya. Rev. B37, 7603-7608 (1988). 
4. J. Can-, M.E. Gurtin and M. Slemrod, Structural phase transitions on a finite interval, Arch. Rational 
Mech. Anal. 86, 317-351 (1984). 
5. A. Novick-Cohen, On Cahn-Hilliard type equations, Nonlinear Anal TMA (to appear). 
6. Zheng Song Mu, Asymptotic behavior of solutions to the Cahn-Hill&d equation, Appl. Anal. 23, 
165-184 (1986). 
7. A. Novick-Cohen and L.A. Peletier, The steady states of one dimensional Sivashinsky equations, in 
preparation. 
IDepartment of Mathematics, Technion-IIT, Haifa 32000, Israel 
2Mathematical Institute, Leiden University, PB 9512, 2300 RA Leiden, The Netherlands 
